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Abstract
This work characterizes (dyadic) wavelet frames for L2(R) by means of spectral techniques. These
techniques use decomposability properties of the frame operator in spectral representations associ-
ated to the dilation operator. The approach is closely related to usual Fourier domain fiberization
techniques, dual Gramian analysis and extension principles, which are described here on the basis of
the periodized Fourier transform. In a second paper of this series, we shall show how the spectral
formulas obtained here permit us to calculate all the tight wavelet frames for L2(R) with a fixed
number of generators of minimal support.
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1 Introduction
LetH be a separable Hilbert space with norm ||·||H and scalar product 〈·, ·〉H (linear in the first component
and conjugate-linear in the second). A countable subset X of H is called a frame for H if there exist
constants A,B > 0 such that the following inequalities hold:
A ||f ||2 ≤
∑
x∈X
|〈f, x〉H|
2 ≤ B ||f ||2, (f ∈ H). (1)
It is well known (see, e.g., [6, Chapter 5]) that X is a frame for H if and only if the corresponding
synthesis operator
TX : l
2(X)→ H, TX{cx}x∈X :=
∑
x∈X
cx x (2)
is well-defined and bounded from l2(X) onto H. In such case, the analysis operator is the adjoint operator
of TX , given by T
∗
X : H → l
2(X), T ∗Xf = {〈f, x〉H}x∈X , and the frame operator S = TXT
∗
X ,
S : H → H, Sf = TXT
∗
Xf =
∑
x∈X
〈f, x〉H x , (3)
is bounded, positive and invertible. Furthermore, S−1X = {S−1x : x ∈ X} is also a frame, called the
canonical dual frame of X , and the “perfect reconstruction formula”
f =
∑
x∈X
〈f, S−1x〉H x , (f ∈ H) , (4)
is satisfied. In (3) and (4) the series converge unconditionally for all f ∈ H, i.e., for every permutation of
the summands the resulting series is convergent. For a frame X , the sharpest possible constants A,B in
(1) are A = ||S−1||−1 and B = ||S|| = ||TX ||
2 = ||T ∗X ||
2 and are usually referred to as the frame bounds .
A frame X is called a tight frame if its frame bounds coincide.
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In this work we focus attention on H = L2(R) and a special type of subsets, the (dyadic) wavelet
systems of L2(R) of the form
X = XΨ :=
{
ψk,j := D
kT jψ : ψ ∈ Ψ, k, j ∈ Z
}
, (5)
where Ψ is a finite or countable family of L2(R), and T and D are the translation and (dyadic) dilation
operators on L2(R) defined by
[Tf ](x) := f(x− 1) , [Df ](x) := 21/2 f(2x) , (f ∈ L2(R), x ∈ R) . (6)
Wavelet systems of the form (5) which are frames for L2(R) are called wavelet frames for L2(R) with
generator set Ψ.
Wavelet frames for L2(Rd) have been extensively studied in the last three decades. One of the main
lines of study involves fiberization techniques [23, 24, 25, 26, 27, 9, 28], translation (shift) invariant
subspaces [12, 23] and refinable functions [10, 3], leading to the unitary extension principle (UEP) [24,
25, 7, 4], subsequently extended in the form of oblique extension principle (OEP) [8, 9, 20, 1, 2] and
duality principle [13, 14]. See the cited references for an exhaustive overview.
Here we present an alternative approach to study wavelet frames for L2(R), an approach already
introduced in [15, 16, 17, 19] for the analysis of orthonormal wavelets. The adjective “spectral” for the
techniques we develop comes from the use of suitable spectral representations for the translation and
dilation operators T and D. Such spectral representations are given in section 2.
Section 3 contains the main results of the work. Theorem 3.2 characterizes the wavelet systems X of
the form (5) that are frames and tight frames for L2(R). The result is based on the fact that the frame
operator S = TXT
∗
X is decomposable (diagonal for tight frames) in the direct integral associated to the
spectral representation of the dilation operator D. The matrix elements and fibers of the decomposable
expression of S are given in theorem 3.5. Theorems 3.2 and 3.5 lead to an affordable description of tight
wavelet frames in corollary 3.6. Let us note that the usual fiberization techniques work on the Fourier
domain, i.e., on a spectral representation of the translation operator T , in spite of wavelet systems of
the form (5) are dilation invariant but not translation (shift) invariant. In order to have a decomposable
expression of the frame operator in the Fourier domain, it is necessary to extend the wavelet system to
a shift invariant one, the so-called quasi-affine system; see remark 3.3 for details.
In section 4 we translate some usual concepts and results in the theory of wavelet frames to the
spectral framework. This is done by means of the periodized Fourier transform given in proposition 2.4.
So, for example, the bracket product used dealing with shift-invariant systems is actually a scalar product
(see remark 4.2) and every element of the principal shift-invariant subspace generated by a function
φ ∈ L2(R) is in fact “colineal to φ” (proposition 4.3). These results are of interest dealing with refinable
functions φ and associated multiresolution analyses to derive extension principles. A version of the UEP
is given in theorem 4.8 and versions of the OEP can be found in corollary 4.11 and theorem 4.12.
A second part of this work [18] shall show how corollary 3.6 can be used to obtain all the tight wavelet
frames for L2(R) with a fixed number of generators ψ ∈ Ψ of minimal support. Like in [15], Hardy classes
of vector-valued functions and operator-valued inner functions will play a central role.
2 Spectral representations for T and D
We begin by introducing spectral representations for the translation and dilation operators, T and D,
defined on L2(R) by (6). These representations have already been considered in [15, 16, 17, 19]. They
live in spaces of the form L2(∂D;H) we next define.
Let D denote the open unit disc of the complex plane C and ∂D its boundary:
D := {λ ∈ C : |λ| < 1} , ∂D := {ω ∈ C : |ω| = 1} .
In ∂D interpret measurability in the sense of Borel and consider the normalized Lebesgue measure
dω/(2π). Given a separable Hilbert space H, let L2(∂D;H) denote the set of all measurable functions
v : ∂D→ H such that ∫
∂D
||v(ω)||2H
dω
2π
<∞
(modulo sets of measure zero); measurability here can be interpreted either strongly or weakly, which
amounts to the same due to the separability of H. The functions in L2(∂D;H) constitute a Hilbert space
Wavelet frames: Spectral techniques and extension principles 3
with pointwise definition of linear operations and inner product given by
〈u,v〉L2(∂D;H) :=
∫
∂D
〈u(ω),v(ω)〉H
dω
2π
,
(
u,v ∈ L2(∂D;H)
)
.
The space L2(∂D;H) is a particular case of direct integral of Hilbert spaces; see [22, Chapter 14] for
details.
A bounded operator S : L2(∂D;H)→ L2(∂D;H) is said to be decomposable when there is a function
ω 7→ S(ω) on ∂D such that S(ω) : H → H is a bounded operator and for each u ∈ L2(∂D;H), S(ω)u(ω) =
[Su](ω) for almost every (shortly, a.e.) ω ∈ ∂D. For a decomposable operator S we shall write
S = S(ω) .
If, in addition, S(ω) = s(ω)IH, where IH is the identity operator on H and s : ∂D → C is a measurable
function, we say that S is diagonalizable and write S = s(ω)IH.
For the sake of completeness, the following proposition includes two well-known results on operator
theory. Definitions and terminology can be found in the references cited in the proof.
Proposition 2.1 Let S : L2(∂D;H)→ L2(∂D;H) be a bounded operator.
(i) A bounded operator S : L2(∂D;H) → L2(∂D;H) commutes with every diagonalizable operator if
and only if S commutes with the diagonalizable operator ωIH.
(ii) The set of decomposable operators in L2(∂D;H) is a von Neumann algebra with abelian commutant
coinciding with the family of diagonalizable operators.
Proof: (i) is a consequence of the spectral theory for unitary operators (of constant multiplicity):
see, for example, theorems 5.4.8, 6.2.4 and 7.2.1 in [5]. (ii) is a particular case of [22, th.14.1.10]. 
The spectral representations of T and D we consider are given in propositions 2.3 and 2.2, respec-
tively, where T and D are transformed into diagonalizable operators of the form ωIH on suitable spaces
L2(∂D;H). Proofs and more details can be found in [16]. We begin by considering an orthonormal basis
(shortly, ONB) {L
(0)
i (x)}i∈I of L
2[0, 1) and ONBs {K
(0)
±,j(x)}j∈J of L
2[±1,±2), where I, J are denumerable
sets of indices (usually, N, N ∪ {0} or Z). Obviously, the families{
L
(n)
i (x) := [T
nL
(0)
i ](x) = L
(0)
i (x− n)
}
i∈I,n∈Z
, (7){
K
(m)
s,j (x) := [D
mK
(0)
s,j ](x) = 2
m/2K
(0)
s,j (2
mx)
}
j∈J,m∈Z,s=±
(8)
are ONBs of L2(R) and, for each f ∈ L2(R), one has (in L2-sense)
f =
∑
i,n
fˆ
(n)
i L
(n)
i , with fˆ
(n)
i := 〈f, L
(n)
i 〉L2(R) , (9)
f =
∑
s,j,m
f˜
(m)
s,j K
(m)
s,j , with f˜
(m)
s,j := 〈f,K
(m)
s,j 〉L2(R) . (10)
In what follows, fixed ONBs {L
(n)
i (x)}i∈I,n∈Z and {K
(m)
s,j (x)}j∈J,m∈Z,s=± of L
2(R) as above, for each
f ∈ L2(R) we shall write
f =
{
fˆ
(n)
i
}
=
{
f˜
(m)
s,j
}
.
A spectral representation for the dilation operator D on L2(R) is given in the next result. Here,
l2(J) denotes the Hilbert space of sequences of complex numbers (cj)j∈J such that
∑
j∈J |cj |
2 < ∞,{
us,j
}
j∈J,s=±
is a fixed ONB of l2(J)⊕ l2(J) and ⊕ denotes orthogonal sum.
Proposition 2.2 [16, Proposition 1] The operator G defined by
G : L2(R) −→ L2
(
∂D; l2(J)⊕ l2(J)
)
f 7→ f˜ :=
⊕
s=±
⊕
j∈J
[∑
m∈Z
ωm f˜
(m)
s,j
]
us,j .
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determines a spectral model for the dilation operator D, i.e., G is unitary and
GDG−1 = ω Il2(J)⊕l2(J) .
Now, for the translation operator T on L2(R), if
{
ui
}
i∈I
is a fixed ONB of l2(I), one has:
Proposition 2.3 [16, Proposition 3] The operator F given by
F : L2(R) −→ L2
(
∂D; l2(I)
)
f 7→ fˆ :=
⊕
i∈I
[∑
n∈Z
ωn fˆ
(n)
i
]
ui ,
determines a spectral model for the translation operator T , i.e., F is unitary and
FTF−1 = ω Il2(I) .
In the sequel we shall write
fˆi(ω) :=
∑
n∈Z
ωn fˆ
(n)
i and f˜s,j(ω) :=
∑
m∈Z
ωm f˜
(m)
s,j , (f ∈ L
2(R); i ∈ I; s = ±, j ∈ J) .
The change of representation between both expansions (9) and (10) is governed by a matrix
(
αs,j,mi,n
)
,
where
αs,j,mi,n := 〈L
(n)
i ,K
(m)
s,j 〉L2(R) . (11)
A useful identity shall be
[L˜
(n)
i ]s,j(ω) =
∑
m
ωm [L˜
(n)
i ]
(m)
s,j =
∑
m
ωm 〈L
(n)
i ,K
(m)
s,j 〉L2(R) =
∑
m
ωm αs,j,mi,n . (12)
Finally, let fˆ denote the usual Fourier transform of a function f ∈ L2(R):
fˆ(y) :=
∫
R
f(x) e−2piixy dx , (y ∈ R) . (13)
Proposition 2.4 (Periodized Fourier transform) [16, Proposition 6] Let
{
uk
}
k∈Z
be a fixed ONB
of l2(Z) and F∗ the operator defined by
F∗ : L
2(R) −→ L2
(
∂D; l2(Z)
)
f 7→ fˆ∗ :=
⊕
k∈Z
fˆk(ω)uk ,
(14)
where, if ω = e2piiθ,
fˆk(ω) = fˆk(e
2piiθ) := fˆ(θ + k) , for a.e. θ ∈ [0, 1) and k ∈ Z . (15)
Then F∗ determines a functional spectral model for the translation operator T , that is, F∗ is a unitary
operator such that
[F∗Tf ](ω) = ω · [F∗f ](ω) , for a.e ω ∈ ∂D and f ∈ L
2(R) . (16)
3 Spectral techniques for wavelet frames
Although the results of this section can be given in the more general setting of affine systems in L2(Rd),
we restrict attention on the Hilbert space L2(R) and wavelet systems X of the form (5). Theorems 3.2
and 3.5 and corollary 3.6 below work on the dilation representation of proposition 2.2 and not on the
usual Fourier domain of fiberization techniques (see, e.g., [23, th.3.3.5] and [25, th.3.1]). Some comments
comparing spectral with fiberization techniques are included in remark 3.3. First, we include a technical
result necessary to prove theorem 3.2:
Wavelet frames: Spectral techniques and extension principles 5
Lemma 3.1 Let X be a wavelet system in L2(R) of the form (5) and such that
sup
ψ∈Ψ
||ψ||L2(R) =M <∞ . (17)
Then the corresponding operator TX, given by (2), is a well-defined bounded operator from l
2(X) into
L2(R) if and only if the corresponding operator S, given by (3), is a well-defined bounded operator on
L2(R).
Proof: If TX is a well-defined bounded operator from l
2(X) into L2(R), then the adjoint T ∗X and
S = TXT
∗
X are also well-defined bounded operators. For the opposite implication, it is obvious that
the synthesis operator TX , given by (2), is well-defined at least on the dense subspace l
00(X) of l2(X)
formed by the sequences {cx} ∈ l
2(X) with a finite number of non-zero components. In principle,
consider TX defined on l
00(X). Such operator TX is preclosed if and only if (17) is satisfied. To see this,
recall that TX is preclosed if and only if for every sequence {cn} ⊂ l
00(X) such that limn→∞ cn = 0
one has limn→∞ TXcn = 0 (see, for example, [21, page 155]). If (17) is satisfied and limn→∞ cn = 0,
then limn→∞ ||TXcn||L2(X) ≤ M limn→∞ ||cn||l2(X) = 0. Conversely, if (17) is not satisfied, consider a
sequence {ψn} ⊂ Ψ such that limn→∞ ||ψn||L2(R) =∞ and a sequence {cn} ⊂ l
00(X) such that the only
non-zero element of cn is the n-component with modulus equal to ||ψn||
−1
L2(R) for n ≥ n0. Moreover, if
TX is preclosed with closure TX , the adjoint T
∗
X is defined in a dense domain D(T
∗
X) of L
2(R) and T ∗X
is a closed operator, T ∗X = [TX ]
∗, T ∗∗X = TX and the domain of TXT
∗
X , D(TXT
∗
X), is a core for T
∗
X ; see
remark 2.7.7 and theorem 2.7.8 in [21]. Assume that TXT
∗
X is bounded on D(TXT
∗
X) and, then, TXT
∗
X
admits a well-defined bounded extension S on L2(R). Since, for h ∈ D(TXT
∗
X),
|〈Sh, h〉L2(R)| = |〈TXT
∗
Xh, h〉L2(R)| = 〈T
∗
Xh, T
∗
Xh〉L2(R) = ||T
∗
Xh||
2
l2(X) ≤ ||S|| ||h||
2
L2(R) ,
T ∗X is also bounded on D(TXT
∗
X), so that T
∗
X admits a well-defined bounded extension on L
2(R) whose
(well-defined bounded) adjoint extends TX and TX . Thus, TX , defined in principle on l
00(X), admits a
well-defined bounded extension on l2(X). 
Recall that a countable subset X of a Hilbert space H is called a Bessel system if the second
inequality in (1) is satisfied for some constant B > 0. In such case, every number B satisfying (1) is
called a Bessel bound for X .
Theorem 3.2 Let X be a wavelet system in L2(R) of the form (5) and such that (17) is satisfied. Then:
1. X is a Bessel system if and only the corresponding operator S, given by (3), is a well-defined
bounded operator on L2(R). In such case, S commutes with D and, then, going to the dilation
representation given in proposition 2.2, GSG−1 is a decomposable operator on L2(∂D, l2(J)⊕ l2(J)):
GSG−1 = S(ω) .
Moreover, S is positive, S(ω) is positive for a.e. ω ∈ ∂D and
||S|| = ess sup
ω∈∂D
||S(ω)|| = ess sup
ω∈∂D
sup
||u||l2(J)⊕l2(J)=1
||S(ω)u||l2(J)⊕l2(J) <∞ .
2. X is a frame for L2(R) if and only if S is a well-defined bounded operator on L2(R) with bounded
two-sided inverse S−1. In such case, S−1 also commutes with D and
GS−1G−1 = S(ω)−1 .
Equivalently, X is a frame for L2(R) if and only if
α := ess sup
ω∈∂D
sup
||u||l2(J)⊕l2(J)=1
||S(ω)u||l2(J)⊕l2(J) <∞
and
β := ess inf
ω∈∂D
inf
||u||l2(J)⊕l2(J)=1
||S(ω)u||l2(J)⊕l2(J) > 0 ;
in such case, ||S|| = α and ||S−1|| = β−1.
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3. X is a tight frame for L2(R), with frame bound B, if and only if S = B IL2(R) or, equivalently,
GSG−1 = B Il2(J)⊕l2(J) .
Proof: 1. It is well known [6, th.3.2.3] that a countable subset X of a Hilbert space H is a Bessel
system with Bessel bound B if and only if the corresponding synthesis operator TX , given by (2), is a
well-defined bounded operator and ||TX || ≤ B
1/2. By lemma 3.1, TX is a well-defined bounded operator
if and only if the corresponding operator S, given by (3), is a well-defined bounded operator on L2(R).
In such case, ||T ∗X || = ||TX ||, and S is positive since 〈Sf, f〉L2(R) = 〈T
∗
Xf, T
∗
Xf〉l2(X) ≥ 0. Moreover, S
commutes with the dilation operator D:
SDf =
∑
k,j∈Z
ψ∈Ψ
〈Df,DkT jψ〉DkT jψ =
∑
k,j∈Z
ψ∈Ψ
〈f,Dk−1T jψ〉DkT jψ = DSf , (f ∈ L2(R)) .
(We use that D is unitary, D∗ = D−1, and that the series defining S converges unconditionally for all
f ∈ L2(R); see [6, Corollary 3.2.5] and lemma 3.4 below.) By proposition 2.1, this implies that GSG−1
is a decomposable operator on L2(∂D, l2(J) ⊕ l2(J)). Since S is positive, S(ω) is positive a.e. (see [22,
prop.14.1.8-9]). Being G unitary, ||S|| = ||GSG−1|| and, by [22, Prop.14.1.9],
||S|| = ||GSG−1|| = ess sup
ω∈∂D
||S(ω)|| .
2. In terms of S, the inequalities in (1) read
A ||f ||2L2(R) ≤ 〈Sf, f〉 ≤ B ||f ||
2
L2(R) , (f ∈ L
2(R)) ,
i.e., AIL2(R) ≤ S ≤ BIL2(R). In particular, the first inequality implies that A ||f ||L2(R) ≤ ||Sf ||L2(R), for
every f ∈ L2(R). Since S is positive, this fact is equivalent to the existence of the two-sided bounded in-
verse S−1 of S (see [29, th.12.12.c]). That S−1 exists implies that Range(S) = Range(TX) = L
2(R). And
a Bessel system X is a frame if and only if this last condition is satisfied (see [6, th.5.5.1]). Furthermore,
AIL2(R) ≤ S ≤ BIL2(R) implies that 0 ≤ IL2(R) −B
−1S ≤ B−AB IL2(R) and, consequently,
||IL2(R) −B
−1S|| = sup
||f ||=1
∣∣〈(IL2(R) −B−1S)f, f〉∣∣ ≤ B −A
B
< 1,
so that
S−1 = B−1
∞∑
k=0
(IL2(R) −B
−1S)k ,
where the last series converges in norm (uniformly). Since the set of decomposable operators is a C∗-
algebra (moreover, a von Neumann algebra, see proposition 2.1), S−1 is also a decomposable operator in
the dilation representation given in proposition 2.2 and (see [22, prop.14.1.8])
GS−1G−1 = S(ω)−1 .
(Note that S(ω) and S(ω)−1 are defined for a.e. ω ∈ ∂D.) Now, recall that for a bounded normal operator
S on a Hilbert space H, S has a bounded two-sided inverse if and only if 0 < β := inf{||Sx||H : x ∈
H, ||x||H = 1} and, then, ||S
−1|| = β−1; see [21, lemma 2.4.8] and [29, th.12.12.c]. Thus, being S, GSG−1
and S(ω) positive, the bounded two-sided inverse S−1 exists if and only if
∞ >
1
ess inf
ω∈∂D
inf
||u||l2(J)⊕l2(J)=1
||S(ω)u||l2(J)⊕l2(J)
= ess sup
ω∈∂D
1
inf
||u||l2(J)⊕l2(J)=1
||S(ω)u||l2(J)⊕l2(J)
=
= ess sup
ω∈∂D
||S(ω)−1|| = ||(GSG−1)−1|| =
1
inf
||u||L2(∂D,l2(J)⊕l2(J))=1
||(GSG−1)u||L2(∂D,l2(J)⊕l2(J))
;
see [22, prop.14.1.8–9] for details.
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3. If X is a frame, in terms of pseudo-inverses1,
S−1 = T ∗X |
−1TX |
−1 = (TX |
−1)∗TX |
−1 ,
||T ∗X |
−1|| = ||TX |
−1|| and the frame bounds are B = ||TX ||
2 = ||T ∗X ||
2 and A = 1/||TX |
−1||2 =
1/||T ∗X |
−1||2; see [6, lemmas 5.5.4 and A.7.2] for details. Thus, X is a tight frame if and only if X
is a frame and ||TX || · ||TX |
−1|| = 1. In such case, for f ∈ N⊥TX , ||f || = ||TX |
−1TXf || ≤ ||TX |
−1|| ||TXf ||,
so that
||TX || ||f || =
1
||TX |−1||
||f || ≤ ||TXf || ≤ ||TX || ||f ||
and, then, ||TX || ||f || = ||TXf ||. That is, TX/||TX || is a partial isometry with initial space N
⊥
TX
and final
space L2(R). The orthogonal projection over the final space is
IL2(R) =
TXT
∗
X
||TX ||2
=
S
||S||
= B−1S .
The converse follows from the fact that (1) is equivalent to AI ≤ S ≤ BI. Finally, that GUG−1 is the
constant diagonalizable operator Il2(J)⊕l2(J) if and only if U = IL2(R) is just [22, prop.14.1.8.iv]. 
Remark 3.3 In theorem 3.2, the frame operator S = TXT
∗
X has a decomposable image GSG
−1 on the
dilation representation given in proposition 2.2 thanks to the fact that S and D commute (see proposition
2.1). What about the commutation relations between S and the translation (shift) operator T in order
that S have decomposable images FSF−1 and F∗SF
−1
∗ on the translation representations given in
propositions 2.3 and 2.4? This question is the cornerstone to develop fiberization techniques for wavelet
systems in L2(R) of the form (5) on the Fourier domain.
For the translation and dilation operators, T and D, defined on L2(R) by (6), one has TD = DT 2.
Taking adjoints, D−1T−1 = T−2D−1. Also, D = T−1DT 2 or DT−2 = T−1D, and D−1 = T−2D−1T or
T 2D−1 = D−1T . Thus, in general,
T jDk = DkT j2
k
, if k > 0 and j ∈ Z ,
T j2
|k|
Dk = DkT j , if k < 0 and j ∈ Z .
Given a Bessel wavelet system X in L2(R) of the form (5) and the corresponding operator S = TXT
∗
X ,
for each f ∈ L2(R),
STf =
∑
k,j∈Z
ψ∈Ψ
〈f, T−1DkT jψ〉DkT jψ =
=
∑
k≥0
∑
j∈Z
ψ∈Ψ
〈f, T−1DkT jψ〉DkT jψ +
∑
k<0
∑
j∈Z
ψ∈Ψ
〈f, T−1DkT jψ〉DkT jψ =
=
∑
k≥0
∑
j∈Z
ψ∈Ψ
〈f,DkT j−2
k
ψ〉DkT jψ +
∑
k<0
∑
j∈Z
ψ∈Ψ
〈f, T j2
|k|−1Dkψ〉T j2
|k|
Dkψ
and
TSf =
∑
k,j∈Z
ψ∈Ψ
〈f,DkT jψ〉TDkT jψ =
=
∑
k≥0
∑
j∈Z
ψ∈Ψ
〈f,DkT jψ〉TDkT jψ +
∑
k<0
∑
j∈Z
ψ∈Ψ
〈f,DkT jψ〉TDkT jψ =
=
∑
k≥0
∑
j∈Z
ψ∈Ψ
〈f,DkT jψ〉DkT j+2
k
ψ +
∑
k<0
∑
j∈Z
ψ∈Ψ
〈f, T j2
|k|
Dkψ〉T 1+j2
|k|
Dkψ .
1 Let H, H′ be Hilbert spaces and suppose that U : H→ H′ is a bounded operator with closed range RU and kernel NU .
The pseudo-inverse of U is the unique operator U |−1 : H′ → H satisfying N
U|−1 = R
⊥
U
, R
U|−1 = N
⊥
U
and UU |−1f = f
for f ∈ RU and U |
−1Uf = f for f ∈ N⊥
U
, where ⊥ denotes orthogonal complement.
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The sums for k ≥ 0 coincide, but not the sums for k < 0. If for each k < 0 we add to the affine system
X the functions
ψlk,j = T
2|k|j+lDkψ = T lDkT jψ = 2k/2ψ(2k(· − l)− j), l = 1, 2, . . . , 2−k − 1,
one obtains a system X˜q associated with X such that the corresponding frame operator S = TX˜qT
∗
X˜q
commutes with the translation operator T . Thus, such S shall be a decomposable operator on any
spectral representation of T . Moreover, we have X˜q = X˜q+ ∪ X˜
q
−, where
X˜q+ =
{
ψk,j := D
kT jψ : ψ ∈ Ψ, k ≥ 0, j ∈ Z
}
=
{
T aDkT bψ : ψ ∈ Ψ, k ≥ 0, a ∈ Z, 0 ≤ b < 2k
}
,
X˜q− =
{
ψlk,j := T
lDkT jψ : ψ ∈ Ψ, k < 0, j ∈ Z, 0 ≤ l < 2−k
}
=
{
T aDkψ : ψ ∈ Ψ, k < 0, a ∈ Z
}
.
A variant of X˜q is what Ron and Shen [25, Section 5] call the quasi-affine system Xq associated with
X . Xq = Xq+ ∪ X
q
−, where X
q
+ = X˜
q
+, the truncated affine system X0 according to Ron and Shen [25,
Section 4], and
Xq− =
{
2k/2ψlk,j := 2
k/2T lDkT jψ : ψ ∈ Ψ, k < 0, j ∈ Z, 0 ≤ l < 2−k
}
=
=
{
2k/2T aDkψ : ψ ∈ Ψ, k < 0, a ∈ Z
}
.
Working in the Fourier domain, one is forced to consider the translation invariant system Xq or X˜q. Ron
and Shen [25, Theorem 5.5] prove a variant of the following result: The wavelet system X is a frame
if and only if its quasi-affine counterparts Xq or X˜q are a frame. In particular, the frame X is tight if
and only if the quasi-affine system Xq or X˜q is tight. Furthermore, the two systems X and Xq have
identical frame bounds. The choice of the dilation representation of proposition 2.2 (or any other spectral
representation for D) avoids this inconvenience, since a wavelet system (in general, any affine system) is
dilation invariant.
For a Bessel wavelet system X in L2(R) of the form (5), the operator S = TXT
∗
X in the dilation
representation of proposition 2.2, GSG−1, is given by
L2
(
∂D; l2(J)⊕ l2(J)
) G−1
−→ L2(R)
S
−→ L2(R)
G
−→ L2
(
∂D; l2(J)⊕ l2(J)
)
Gf = f˜ =
{
f˜
(m)
s,j
}
7→ f 7→ Sf =
∑
k,j∈Z
ψ∈Ψ
u
〈f, ψk,j〉L2(R) ψk,j 7→
∑
k,j∈Z
ψ∈Ψ
u
〈f, ψk,j〉L2(R) Gψk,j .
The superindex ’u’ added to the sum symbol
∑
in the last expressions reflects that the series defining S
converges unconditionally for all f ∈ L2(R); see [6, Corollary 3.2.5].
Lemma 3.4 [6, Lemma 2.1.1] Let {yk}
∞
k=1 be a sequence in a Banach space Y, and let y ∈ Y . Then the
following are equivalent:
(i)
∑∞
k=1 yk converges unconditionally to y in Y .
(ii) For every ǫ > 0 there exists a finite set F such that ||y −
∑
k∈I yk|| ≤ ǫ for all finite sets I ⊂ N
containing F .
According to lemma 3.4,
[∑
k,j∈Z
ψ∈Ψ
]u
means that, for each f ∈ L2(R), one must take the limit of sums
over suitable finite sets of triplets (k, j, ψ) ∈ Z × Z × Ψ. This is the correct way to interpret the sums
and avoids any possible “infinity” in partial calculations dealing with the expressions we will encounter
in what follows.
In order to take advantage of the dilation representation of proposition 2.2, the matrix
(
αs,j,mi,n
)
,
defined by (11), must appear on stage. Next result gives a expression for the matrix elements and fibers
of the decomposable operator GSG−1 associated with the Bessel wavelet system X . They are written in
terms of the αs,j,mi,n ’s and the components
{
ψˆ
(n)
i
}
of each ψ ∈ Ψ (and not in terms of the components{
ψ˜
(m)
s,j
}
!). The result is given for the ONB
{
us,l
}
l∈J,s=±
of l2(J)⊕ l2(J) fixed in proposition 2.2.
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Theorem 3.5 For a Bessel wavelet system X in L2(R) of the form (5), the operator S = TXT
∗
X in the
dilation representation of proposition 2.2, GSG−1, has matrix elements [GSG−1]s
′,l′
s,l given by
[GSG−1]s
′,l′
s,l : L
2(∂D,C) −→ L2(∂D,C)
h(ω) 7→ h(ω)
∑
σ
ωσ
∑
i,n
i′,n′
( ∑
k,j∈Z
u
αs,l,ki,n+j α
s′,l′,k+σ
i′,n′+j
)(∑
ψ∈Ψ
u
ψˆ
(n)
i ψˆ
(n′)
i′
)
,
where l, l′ ∈ J, s, s′ = ±. Thus, the fibers of GSG−1 = S(ω) are
S(ω) : l2(J)⊕ l2(J) −→ l2(J)⊕ l2(J)
us,l 7→
⊕
s′,l′
us′,l′
∑
σ
ωσ
∑
i,n
i′,n′
( ∑
k,j∈Z
u
αs,l,ki,n+j α
s′,l′,k+σ
i′,n′+j
)(∑
ψ∈Ψ
u
ψˆ
(n)
i ψˆ
(n′)
i′
)
,
for a.e. ω ∈ ∂D.
Proof: The following identities are direct consequences of (9), (10) and (11):∑
r,p,q
ψ˜
(q)
r,p α
r,p,q
i,n−j =
∑
r,p,q
ψ˜
(q)
r,p 〈L
(n−j)
i ,K
(q)
r,p 〉L2(R) =
= 〈L
(n−j)
i ,
∑
r,p,q
ψ˜(q)r,p K
(q)
r,p 〉L2(R) = 〈L
(n−j)
i , ψ〉L2(R) = ψˆ
(n−j)
i .
(18)
For f = K
(m)
s,l one has
ωmus,l
G−1
7→ K
(m)
s,l
S
7→ SK
(m)
s,l =
∑
k,j∈Z
ψ∈Ψ
u
〈K
(m)
s,l , ψk,j〉L2(R) ψk,j
G
7→
∑
k,j∈Z
ψ∈Ψ
u
〈K
(m)
s,l , ψk,j〉L2(R) Gψk,j .
Using (10) and the definition of G in proposition 2.2,∑
k,j∈Z
ψ∈Ψ
u
〈K
(m)
s,l , ψk,j〉Gψk,j =
∑
k,j∈Z
ψ∈Ψ
u ˜[DkT jψ]
(m)
s,l
( ∑
m′,s′,l′
ωm
′ ˜[DkT jψ]
(m′)
s′,l′ us′,l′
)
=
=
∑
s′,l′
(
ωm
∑
k,j∈Z
ψ∈Ψ
u∑
m′
ωm
′−m [˜T jψ]
(m−k)
s,l [˜T
jψ]
(m′−k)
s′,l′
)
us′,l′ =
=
∑
s′,l′
(
ωm
∑
k,j∈Z
ψ∈Ψ
u∑
σ
ωσ [˜T jψ]
(m−k)
s,l [˜T
jψ]
(m−k+σ)
s′,l′
)
us′,l′ .
By [16, Lemma 5], the last expression coincides with∑
s′,l′
(
ωm
∑
k,j∈Z
ψ∈Ψ
u∑
σ
ωσ
(∑
i,n
αs,l,m−ki,n
∑
r,p,q
αr,p,qi,n−jψ˜
(q)
r,p
)(∑
i′,n′
αs
′,l′,m−k+σ
i′,n′
∑
r′,p′,q′
αr
′,p′,q′
i′,n′−jψ˜
(q′)
r′,p′
))
us′,l′
and, by (18), this is equal to∑
s′,l′
(
ωm
∑
k,j∈Z
ψ∈Ψ
u∑
σ
ωσ
(∑
i,n
αs,l,m−ki,n ψˆ
(n−j)
i
)(∑
i′,n′
αs
′,l′,m−k+σ
i′,n′ ψˆ
(n′−j)
i′
))
us′,l′ =
=
∑
s′,l′
(
ωm
∑
σ
ωσ
∑
i,n
i′,n′
( ∑
k,j∈Z
u
αs,l,ki,n+j α
s′,l′,k+σ
i′,n′+j
)(∑
ψ∈Ψ
u
ψˆ
(n)
i ψˆ
(n′)
i′
))
us′,l′ .
Thus, the matrix element [GSG−1]s
′,l′
s,l satisfies
[GSG−1]s
′,l′
s,l (ω
m) = ωm
∑
σ
ωσ
∑
i,n
i′,n′
( ∑
k,j∈Z
u
αs,l,ki,n+j α
s′,l′,k+σ
i′,n′+j
)(∑
ψ∈Ψ
u
ψˆ
(n)
i ψˆ
(n′)
i′
)
, (m ∈ Z) .
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Since {ωm}m∈Z is an ONB of L
2(∂D,C), we get the result. 
In particular, for tight wavelet frames,
Corollary 3.6 Let X be a wavelet system in L2(R) of the form (5) and such that (17) is satisfied.. Then,
X is a tight frame for L2(R), with frame bound B, if and only if∑
i,n
i′,n′
( ∑
k,j∈Z
u
αs,l,ki,n+j α
s′,l′,k+σ
i′,n′+j
)(∑
ψ∈Ψ
u
ψˆ
(n)
i ψˆ
(n′)
i′
)
= B δs,s′δl−l′δσ, (19)
where s, s′ = ±, l, l′ ∈ J, σ ∈ Z, and δ denotes the Dirac δ-function.
Proof: By theorem 3.2, X is a tight frame with frame bound B if and only if S = B IL2(R) or,
equivalently, GSG−1 = B Il2(J)⊕l2(J), i.e., S(ω) = B Il2(J)⊕l2(J), for a.e. ω ∈ ∂D. Now, consider the
expression of the fibers S(ω) given in theorem 3.5. 
4 Extension principles for wavelet frames
In the theory of wavelet frames one of the main trends of development is based on the so-called extension
principles and multiresolution analysis (MRA). We include here a brief translation of this approach to
the framework of the spectral techniques. The main tool for such translation is the periodized Fourier
transform given in proposition 2.4. As before, we restrict attention to the univariate case and dyadic
dilation.
Remark 4.1 Note that the periodized Fourier transform of proposition 2.4 leads to the following nota-
tion: For f ∈ L2(R),
fˆ denotes the usual Fourier transform of f defined in (13),
fˆ∗ = F∗f denotes the periodized Fourier transform of f given by (14),
fˆk is the k-component (k ∈ Z) of the periodized Fourier transform fˆ∗ of f , see (14) and (15).
Remark 4.2 The bracket product defined by
[f, g](θ) :=
∑
k∈Z
f(θ + k) g(θ + k) , for a.e. θ ∈ R and f, g ∈ L2(R) , (20)
plays a key role in the theory of shift-invariant systems [11], mainly used in the Fourier domain. The
bracket product has a clear meaning under the periodized Fourier transform. Indeed, going from θ ∈ R
to ω = e2piiθ ∈ ∂D, one has
[fˆ , gˆ](θ) = 〈fˆ∗(ω), gˆ∗(ω)〉l2(Z) , for a.e. θ ∈ R and f, g ∈ L
2(R) .
In particular,
[fˆ , fˆ ](θ) = ||fˆ∗(ω)||l2(Z) , for a.e. θ ∈ R and f ∈ L
2(R) .
In what follows, given f ∈ L2(R), we shall write
σ(f) := supp[fˆ , fˆ ] = {θ ∈ R : [fˆ , fˆ ](θ) 6= 0}
or
σ(f) := supp||fˆ∗||l2(Z) = {ω ∈ ∂D : ||fˆ∗(ω)||l2(Z) 6= 0}
depending on the use of fˆ or fˆ∗, respectively.
Now, consider the principal shift-invariant subspace generated by a function φ ∈ L2(R), i.e., the
L2(R)-closure of the subspace generated by the integer translates of φ:
V0 := span{T
kφ : k ∈ Z} .
Let P0 denote the orthogonal projection of L
2(R) onto V0.
The following result characterizes the subspace V0 and gives an expression for P0 in the spectral model
of proposition 2.4.
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Proposition 4.3 Let φ ∈ L2(R), consider the subspace V0 = span{T
kφ : k ∈ Z} and let P0 be the
orthogonal projection of L2(R) onto V0. Then, f ∈ L
2(R) belongs to V0 if and only if fˆ∗(ω) is colineal to
φˆ∗(ω) for a.e. ω ∈ ∂D. Thus, for f ∈ L
2(R),
[P̂0f ]∗(ω) =

〈fˆ∗(ω), φˆ∗(ω)〉l2(Z)
||φˆ∗(ω)||2l2(Z)
φˆ∗(ω) , for a.e. ω ∈ σ(φ) ,
0 , for a.e. ω /∈ σ(φ) .
(21)
Proof: Due to (16), one has F∗V0 = span{ω
k ·φˆ∗(ω) : k ∈ Z}. Since F∗ is unitary, [F∗V0]
⊥ = F∗[V
⊥
0 ].
Thus, f ∈ V ⊥0 if and only if
〈fˆ∗, ω
kφˆ∗〉L2(∂D,l2(Z)) =
∫
∂D
ω−k〈f∗(ω), φˆ∗(ω)〉l2(Z)
dω
2π
= 0 , (k ∈ Z) .
The last condition is equivalent to
〈f∗(ω), φˆ∗(ω)〉l2(Z) = 0 , for a.e ω ∈ ∂D .
Thus, for each f ∈ L2(R), f ∈ V0 if and only if fˆ∗(ω) is colineal to φˆ∗(ω) for a.e. ω ∈ ∂D. Then, for
each fixed ω ∈ ∂D, one gets (21) for the orthogonal projection of l2(Z) onto the 1-dimensional subspace
generated by φˆ∗(ω) . 
Rewriting proposition 4.3 in terms of the usual Fourier transform defined in (13) and the bracket
product given in remark 4.2 one obtains the following two classical results in the theory of shift-invariant
subspaces –see, for example, Theorems 2.9 and 2.14 in [12]–.
Corollary 4.4 For each f ∈ L2(R), P̂0f = H
f φˆ, where the 1-periodic function Hf is defined by
Hf(θ) =

[fˆ , φˆ](θ)
[φˆ, φˆ](θ)
, for a.e. θ ∈ σ(φ) ,
0 , for a.e. θ /∈ σ(φ) .
(22)
Proof: Looking at (14) and (15), and since {uk}k∈Z is an orthonormal basis of l
2(Z), for ω = e2piiθ,
〈fˆ∗(ω), φˆ∗(ω)〉l2(Z) φˆ∗(ω) =
⊕
k∈Z
[∑
j∈Z
fˆj(ω) φˆj(ω)
]
φˆk(ω)uk , for a.e ω ∈ ∂D ,
=
[∑
j∈Z
fˆ(θ + j) φˆ(θ + j)
] ⊕
k∈Z
φˆ(θ + k)uk , for a.e θ ∈ R ,
||φˆ∗(ω)||l2(Z) =
∑
j∈Z
|φˆj(ω)|
2 , for a.e ω ∈ ∂D ,
=
∑
j∈Z
|φˆ(θ + j)|2 , for a.e θ ∈ R ,
and
[P̂φf ]∗(ω) =
⊕
k∈Z
[P̂φf ]k(ω)uk , for a.e ω ∈ ∂D ,
=
⊕
k∈Z
[P̂φf ](θ + k)uk , for a.e θ ∈ R ,
Substituting these expressions in (21) and using (20), one gets the result. 
Corollary 4.5 Let φ ∈ L2(R) and consider the subspace V0 := span{T
kφ : k ∈ Z}. A function f ∈ L2(R)
is in V0 if and only if fˆ∗ = H
f
∗ φˆ∗ for some measurable function H
f
∗ : ∂D→ C with H
f
∗ φˆ∗ ∈ L
2(∂D, l2(Z)).
Equivalently, a function f ∈ L2(R) is in V0 if and only if fˆ = H
f φˆ for some 1-periodic measurable function
Hf : R→ C with H˜f φˆ ∈ L2(R). For a function f ∈ V0, both functions H
f
∗ and Hf are related by
Hf∗ (ω) = H
f (θ) , for a.e. ω = e2piiθ . (23)
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Proof: The result is a direct consequence of Proposition 4.3 and Corollary 4.4. Moreover, by (15),
for a.e. ω = e2piiθ, fˆk(ω) = H
f
∗ (ω) φˆk(ω) if and only if fˆ(θ + k) = H
f (e2piiθ)φˆ(θ + k), for every k ∈ Z;
this implies (23). 
In order to accommodate the discussion to the cited references, we interchange the roles of the indices
j and k used until now, that is, given a subset Ψ of L2(R), the wavelet system X = X(Ψ) we consider
from now on is not of the form (5), else of the form
X(Ψ) :=
{
DjT kψ : ψ ∈ Ψ, j, k ∈ Z
}
. (24)
We apologize for the inconvenience.
In principle, the study focuses on wavelet systems X(Ψ) of the form (24) that are derived from
a refinable function φ ∈ L2(R). Here refinability of φ means D−1φ ∈ V0. By Corollary 4.5, this is
equivalent to the existence of a 1-periodic measurable function HD
−1φ on R (or measurable HD
−1φ
∗ on
∂D), the refinement mask, such that ̂[D−1φ](θ) = HD
−1φ(θ)φˆ(θ) (or ̂[D−1φ]∗(ω) = H
D−1φ
∗ (ω)φˆ∗(ω)).
According to Proposition 4.4,
̂[D−1φ](θ) = HD
−1φ(θ)φˆ(θ) =

[̂[D−1φ], φˆ](θ)
[φˆ, φˆ](θ)
φˆ(θ) , for a.e. θ ∈ σ(φ) ,
0 , for a.e. θ /∈ σ(φ) .
. (25)
Or, by Proposition 4.3,
̂[D−1φ]∗(ω) = H
D−1φ
∗ (ω)φˆ∗(ω) =

〈̂[D−1φ]∗(ω), φˆ∗(ω)〉l2(Z)
||φˆ∗(ω)||2l2(Z)
φˆ∗(ω) , for a.e. ω ∈ σ(φ) ,
0 , for a.e. ω /∈ σ(φ) .
(26)
The next results collect well-known facts, see e.g. [10, 3].
Proposition 4.6 Let φ ∈ L2(R) be a refinable function, V0 = span{T
kφ : k ∈ Z}, and let Vj = D
jV0,
for j ∈ Z. Then:
(a) Vj ⊆ Vj+1, for j ∈ Z.
(b) ∩jVj = {0}.
(c) ∪jVj = L
2(R) if and only if ∪j2
j [supp φˆ] = R (modulo a null-set),2 where, given S ⊆ R, 2jS :=
{2jθ : θ ∈ S}.
Proof: (a): Since φ is refinable, one has D−1φ ∈ V0. Being D
−1 continuous,
V−1 = D
−1V0 = span{D
−1T kφ : k ∈ Z} = span{T 2kD−1φ : k ∈ Z} .
These facts, together with the shift-invariance of V0, imply V−1 ⊆ V0. Then, Vj = D
j+1V−1 ⊆ D
j+1V0 =
Vj+1, for j ∈ Z. This result has been proved by Benedetto and Li [3, Theorem 4.4] when the refinement
mask HD
−1φ belongs to L∞(∂D).
(b): This result is a particular case of [10, Corollary 4.14].
(c): Here the main property is the shift-invariance of ∪jVj , so that its Fourier transform must be of
the form L2(Ω) for some measurable set Ω ⊆ R. See [10, Theorem 4.3] for details. 
Corollary 4.7 Let φ ∈ L2(R) be a refinable function, V0 = span{T
kφ : k ∈ Z}, and let Vj = D
jV0, for
j ∈ Z. If φˆ is nonzero a.e. in some neighbourhood of the origin, then ∪jVj = L
2(R).
Proof: Let Ω be a neighbourhood of the origin such that φˆ is nonzero a.e. in Ω. Then, ∪j2
j[supp φˆ] ⊆
∪j2
jΩ = R, and the result follows from proposition 4.6.c. 
2Recall that here the support of an L2(R)-function f is defined only modulo a null-set as supp f := {θ ∈ R : f(θ) 6= 0}.
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In general it is not required that φ be a “good” generator for V0 in the sense that {T
kφ : k ∈ Z} is
a basis or a (pseudo-)frame for V0. When the nested sequence {Vj} satisfies ∪j∈ZVj = L
2(R), one says
that φ generates the (generalized) multiresolution analysis (MRA) {Vj} of L
2(R).
Now, let Ψ = {ψ1, . . . , ψs} be a finite subset of L2(R) and assume that Ψ ⊂ V1. Obviously, this
implies that there exist 1-periodic measurable functions HD
−1ψl on R (or measurable HD
−1ψl
∗ on ∂D),
l = 1, . . . , s, the wavelet masks, such that
̂[D−1ψl](θ) = HD
−1ψl(θ)φˆ(θ) =

[ ̂[D−1ψl], φˆ](θ)
[φˆ, φˆ](θ)
φˆ(θ) , for a.e. θ ∈ σ(φ) ,
0 , for a.e. θ /∈ σ(φ) .
. (27)
̂[D−1ψl]∗(ω) = H
D−1ψl
∗ (ω)φˆ∗(ω) =

〈 ̂[D−1ψl]∗(ω), φˆ∗(ω)〉l2(Z)
||φˆ∗(ω)||2l2(Z)
φˆ∗(ω) , for a.e. ω ∈ σ(φ) ,
0 , for a.e. ω /∈ σ(φ) .
(28)
The Unitary Extension Principle (UEP), introduced by Ron and Shen [25, 24], gives a sufficient
condition for X(Ψ) to be a tight frame. The condition is written in terms of the matrix functions
H(θ) :=

HD
−1φ(θ) HD
−1φ(θ + 1/2)
HD
−1ψ1(θ) HD
−1ψ1(θ + 1/2)
...
...
HD
−1ψs(θ) HD
−1ψs(θ + 1/2)
 or H∗(ω) :=

HD
−1φ
∗ (ω) H
D−1φ
∗ (−ω)
HD
−1ψ1
∗ (ω) H
D−1ψ1
∗ (−ω)
...
...
HD
−1ψs
∗ (ω) H
D−1ψs
∗ (−ω)
 .
The following result is a refined version of the UEP due to Benedetto and Trieber [4, Theorem 1.7.1]:
Theorem 4.8 (Unitary Extension Principle) Let φ ∈ L2(R) be a refinable function such that
lim
θ→0
φˆ(θ) = 1 . (29)
Let V0 = span{T
kφ : k ∈ Z} and let Vj = D
jV0, for j ∈ Z. Consider a finite set Ψ = {ψ
1, . . . , ψs} ⊂ V1.
If
H∗(θ)H(θ) = Id or H∗∗ (ω)H∗(ω) = Id , a.e. on σ(φ) , (30)
then X(Ψ) is a tight wavelet frame with frame bound 1 for L2(R).
Condition (29) is related with the completeness of the wavelet system through corollary 4.7. Due to (23),
the two conditions in (30) coincide.
Restricting attention to compactly supported functions satisfying certain additional conditions, Chui
and He [7, Lemma 1] give a complete characterization of what they call minimum-energy frames associated
with a given refinable function, which is closely related to the UEP.
Fan, Heinecke and Shen [13] develop a duality principle based on the unitary equivalence of the frame
operator and the Gramian of certain adjoint systems. When applied to fiberization techniques [26, 27], the
duality principle leads to simple methods of constructing dual wavelet frames. Since the adjoint system
of a tight frame is an orthonormal sequence, the construction scheme reduces to complete a constant
matrix so that its columns are pairwise orthogonal. Details about the connection between the unitary
extension principle and the duality principle can be found in Fan, Ji and Shen [14, Section 4].
The UEP is subsequently extended by Daubechies, Han, Ron and Shen [9] and Chui, He and Sto¨ckler
[8] in the form of the Oblique Extension Principle (OEP). The key idea is to consider different (equivalent)
refinable functions the (homogeneous) wavelet system X(Ψ) may be derived from. Perhaps the best
analysis of the OEP is done by Han in [20] for dual pairs of nonhomogeneous wavelet systems in a
distribution setting; see, in particular, [20, Theorem 2, Theorem 9 and Corollary 10].
Given two subsets Φ and Ψ of L2(R) and an integer J , by a nonhomogeneous wavelet system XJ(Φ,Ψ)
generated by Φ and Ψ we mean a system of the form
XJ(Φ,Ψ) :=
{
DJT kφ : φ ∈ Φ, k ∈ Z
}
∪
{
DjT kψ : ψ ∈ Ψ, k ≥ J, k ∈ Z
}
.
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In particular, let us consider four finite sets of L2(R):
Φ = {φ1, . . . , φr} , Ψ = {ψ1, . . . , ψs} and Φ˜ = {φ˜1, . . . , φ˜r} , Ψ˜ = {ψ˜1, . . . , ψ˜s} . (31)
The pair XJ(Φ,Ψ) and XJ(Φ˜, Ψ˜) of nonhomogeneous wavelet systems is called a dual pair of nonho-
mogeneous wavelet frames for L2(R) if, for all f ∈ L2(R),
f =
r∑
i=1
∑
k∈Z
〈f,DJT kφ˜i〉L2(R)D
JT kφi +
s∑
i=1
∑
j≥J
∑
k∈Z
〈f,DjT kψ˜i〉L2(R)D
jT kψi . (32)
The convergence in (32), and everywhere in what follows, is in L2-sense.
By way of illustration, we include here two (unpublished) results by the authors without proof. These
results lead to a version of the OEP similar to the Han’s version [20, Theorem 9 and Corollary 10]. Apart
from the fact that all the reasoning is done inside the Hilbert space L2(R), our work does not go beyond
the subtle Han’s distributional approach.
Proposition 4.9 Consider the four finite sets of L2(R) given in (31). Then the following assertions are
equivalent:
1. For some J ∈ Z, XJ(Φ,Ψ) and XJ(Φ˜, Ψ˜) form a dual pair of nonhomogeneous wavelet frames for
L2(R).
2. For all J ∈ Z, XJ(Φ,Ψ) and XJ(Φ˜, Ψ˜) form a dual pair of nonhomogeneous wavelet frames for
L2(R).
3. For some J ∈ Z and for all f ∈ L2(R),
r∑
i=1
∑
k∈Z
〈f,DJT kφ˜i〉L2(R)D
JT kφi +
s∑
i=1
∑
k∈Z
〈f,DJT kψ˜i〉L2(R)D
JT kψi =
=
r∑
i=1
∑
k∈Z
〈f,DJ+1T kφ˜i〉L2(R)D
J+1T kφi
(33)
and the following “completeness condition” is satisfied:
lim
J→∞
r∑
i=1
∑
k∈Z
〈f,DJT kφ˜i〉L2(R)D
JT kφi = f , (f ∈ L2(R)) . (34)
4. For all J ∈ Z and f ∈ L2(R), (33) is satisfied, and also the completeness condition (34) is verified.
Theorem 4.10 Let φ, φ˜ ∈ L2(R) be refinable functions. Let V0 = span{T
kφ : k ∈ Z}, V˜0 = span{T
kφ˜ :
k ∈ Z} and Vj := D
jV0, V˜j := D
j V˜0, j ∈ Z. Consider four finite sets of L
2(R) as given in (31) and such
that
Φ ⊂ V0 , Ψ ⊂ V1 and Φ˜ ⊂ V˜0 , Ψ˜ ⊂ V˜1 ,
so that there exist masks HD
−1φ
∗ , H
φi
∗ , H
D−1ψl
∗ relative to V0 and masks H˜
D−1φ˜
∗ , H˜
φ˜i
∗ , H˜
D−1ψ˜l
∗ relative
to V˜0. Let us put
Θ(ω) :=
r∑
i=1
Hφ
i
∗ (ω) H˜
φ˜i
∗ (ω) , for a.e. ω ∈ ∂D .
Assume that
||φ̂i∗||l2(Z) · ||
̂˜
φi∗||l2(Z) ∈ L
∞(∂D) , (i = 1, . . . , r) , (35)
||ψ̂l∗||l2(Z) · ||
̂˜
ψl∗||l2(Z) ∈ L
∞(∂D) , (l = 1, . . . , s) . (36)
Then, (33) is satisfied for J = 0 and all f ∈ L2(R), if and only if,
Θ(ω2)HD
−1φ
∗ (ω) H˜
D−1φ˜
∗ (ω) +
s∑
l=1
HD
−1ψl
∗ (ω) H˜
D−1ψ˜l
∗ (ω) = 2Θ(ω) ,
for a.e. ω ∈ σ(φ) ∩ σ(φ˜) ,
(37)
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and
Θ(ω2)HD
−1φ
∗ (ω) H˜
D−1φ˜
∗ (−ω) +
s∑
l=1
HD
−1ψl
∗ (ω) H˜
D−1ψ˜l
∗ (−ω) = 0 ,
for a.e. ω ∈ σ(φ) such that − ω ∈ σ(φ˜) .
(38)
Corollary 4.11 (Oblique Extension Principle) Under the conditions of Theorem 4.10 (so that (35)
and (36) are assumed), the following assertions are equivalent:
1. For some J ∈ Z, XJ(Φ,Ψ) and XJ(Φ˜, Ψ˜) form a dual pair of nonhomogeneous wavelet frames for
L2(R).
2. For all J ∈ Z, XJ(Φ,Ψ) and XJ(Φ˜, Ψ˜) form a dual pair of nonhomogeneous wavelet frames for
L2(R).
3. (34), (37) and (38) are satisfied.
There are recent versions of the OEP for homogeneous wavelet systems X(Ψ) of the form (24) too.
For the sake of completeness, theorem 4.12 below reproduces an univariate version of the OEP due to
Atreas, Melas and Stavropoulos [1, Proposition 3.1].
Theorem 4.12 (Oblique Extension Principle. Second version) Let φ ∈ L2(R) be a compactly
supported refinable function satisfying:
(i) φˆ is continuous in a neighbourhood of the origin and verifies (29).
(ii) ||φˆ∗||l2(Z) ∈ L
∞(∂D).
Let V0 = span{T
kφ : k ∈ Z} and Vj := D
jV0, j ∈ Z. Consider the finite set of L
2(R)
Ψ = {ψ1, . . . , ψs} ⊂ V1 .
Then the following assertions are equivalent:
1. X(Ψ) is a tight wavelet frame with frame bound 1 for L2(R).
2. There exists a measurable function Θ on ∂D such that
(a) lim
j→−∞
Θ(ω2
j
) = 1 for a.e. ω ∈ ∂D.
(b) One has
Θ(ω2)HD
−1φ
∗ (ω)H
D−1φ
∗ (ω) +
s∑
l=1
HD
−1ψl
∗ (ω)H
D−1ψl
∗ (ω) = Θ(ω) ,
for a.e. ω ∈ σ(φ) ,
(39)
and
Θ(ω2)HD
−1φ
∗ (ω)H
D−1φ
∗ (−ω) +
s∑
l=1
HD
−1ψl
∗ (ω)H
D−1ψl
∗ (−ω) = 0 ,
for a.e. ω ∈ σ(φ) such that − ω ∈ σ(φ) .
(40)
(c)
∫
∂D
Θ(ω) ||φˆ∗(ω)||
2
l2(Z)
dω
2π
<∞.
When Θ = 1, (39) and (40) together just coincide with the condition (30) in the UEP (how to adjust the
support σ(φ) in (30) is now clear).
The equivalence between homogeneous and nonhomogeneous wavelet frames has been established in
[2].
Using (26) and (28), the conditions (39) and (40) read
Θ(ω2)
∣∣〈̂[D−1φ]∗(ω), φˆ∗(ω)〉l2(Z)∣∣2 + s∑
l=1
∣∣〈 ̂[D−1ψl]∗(ω), φˆ∗(ω)〉l2(Z)∣∣2 = Θ(ω) ||φˆ∗(ω)||2l2(Z) ,
for a.e. ω ∈ ∂D ,
(41)
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and
Θ(ω2) 〈̂[D−1φ]∗(ω), φˆ∗(ω)〉l2(Z) 〈φˆ∗(−ω),
̂[D−1φ]∗(−ω)〉l2(Z)+
+
s∑
l=1
〈 ̂[D−1ψl]∗(ω), φˆ∗(ω)〉l2(Z) 〈φˆ∗(−ω),
̂[D−1ψl]∗(−ω)〉l2(Z) = 0 ,
for a.e. ω ∈ ∂D .
(42)
It is clear that the role of the ONBs {L
(0)
i (x)}i∈I and {K
(0)
±,j(x)}j∈J, the coefficients α
s,l,k
i,j depend
on, in the spectral formulas (19) of corollary 3.6 is supplied by the refinable function φ in the extension
principles given in theorem 4.8, corollary 4.11 and theorem 4.12, in particular, in formulas (41) and (42).
Acknowledgements
This work was partially supported by research projects MTM2012-31439 and MTM2014-57129-C2-1-
P (Secretar´ıa General de Ciencia, Tecnolog´ıa e Innovacio´n, Ministerio de Economı´a y Competitividad,
Spain).
References
[1] Atreas, N., Melas, A., and Stavropoulos, T. Affine dual frames and Extension Principles.
Appl. Comput. Harmon. Anal. 36, 1 (2014), 51–62.
[2] Atreas, N. D., Papadakis, M., and Stavropoulos, T. Extension principles for dual multi-
wavelet frames of L2(R
s) constructed from multirefinable generators. J. Fourier Anal. Appl. 22, 4
(2016), 854–877.
[3] Benedetto, J. J., and Li, S. The theory of multiresolution analysis frames and applications to
filter banks. Appl. Comput. Harmon. Anal. 5, 4 (1998), 389–427.
[4] Benedetto, J. J., and Treiber, O. M. Wavelet frames: multiresolution analysis and extension
principles. In Wavelet transforms and time-frequency signal analysis, Appl. Numer. Harmon. Anal.
Birkha¨user Boston, Boston, MA, 2001, pp. 3–36.
[5] Birman, M. S., and Solomjak, M. Z. Spectral theory of selfadjoint operators in Hilbert space.
Mathematics and its Applications (Soviet Series). D. Reidel Publishing Co., Dordrecht, 1987. Trans-
lated from the 1980 Russian original by S. Khrushche¨v and V. Peller.
[6] Christensen, O. Frames and bases. Applied and Numerical Harmonic Analysis. Birkha¨user Boston,
Inc., Boston, MA, 2008. An introductory course.
[7] Chui, C. K., and He, W. Compactly supported tight frames associated with refinable functions.
Appl. Comput. Harmon. Anal. 8, 3 (2000), 293–319.
[8] Chui, C. K., He, W., and Sto¨ckler, J. Compactly supported tight and sibling frames with
maximum vanishing moments. Appl. Comput. Harmon. Anal. 13, 3 (2002), 224–262.
[9] Daubechies, I., Han, B., Ron, A., and Shen, Z. Framelets: MRA-based constructions of wavelet
frames. Appl. Comput. Harmon. Anal. 14, 1 (2003), 1–46.
[10] de Boor, C., DeVore, R. A., and Ron, A. On the construction of multivariate (pre)wavelets.
Constr. Approx. 9, 2-3 (1993), 123–166.
[11] de Boor, C., DeVore, R. A., and Ron, A. Approximation from shift-invariant subspaces of
L2(R
d). Trans. Amer. Math. Soc. 341, 2 (1994), 787–806.
[12] de Boor, C., DeVore, R. A., and Ron, A. The structure of finitely generated shift-invariant
spaces in L2(R
d). J. Funct. Anal. 119, 1 (1994), 37–78.
[13] Fan, Z., Heinecke, A., and Shen, Z. Duality for frames. J. Fourier Anal. Appl. 22, 1 (2016),
71–136.
Wavelet frames: Spectral techniques and extension principles 17
[14] Fan, Z., Ji, H., and Shen, Z. Dual Gramian analysis: duality principle and unitary extension
principle. Math. Comp. 85, 297 (2016), 239–270.
[15] Go´mez-Cubillo, F., and Suchanecki, Z. Inner functions and local shape of orthonormal
wavelets. Appl. Comput. Harmon. Anal. 30, 3 (2011), 273–287.
[16] Go´mez-Cubillo, F., and Suchanecki, Z. Spectral models for orthonormal wavelets and mul-
tiresolution analysis of L2(R). J. Fourier Anal. Appl. 17, 2 (2011), 191–225.
[17] Go´mez-Cubillo, F., Suchanecki, Z., and Villullas, S. Orthonormal MRA wavelets: spectral
formulas and algorithms. Int. J. Wavelets Multiresolut. Inf. Process. 10, 1 (2012), 1250008, 19.
[18] Go´mez-Cubillo, F., and Villullas, S. Univariate tight wavelet frames of minimal support.
(submitted).
[19] Go´mez-Cubillo, F., and Villullas, S. Spectral algorithms for mra orthonormal wavelets. In
Operator Theory, Operator Algebras, and Matrix Theory, vol. 267 of Operator Theory: Advances and
Applications. Birkha¨user, Cham, Switzerland, 2018, pp. 185–198.
[20] Han, B. Pairs of frequency-based nonhomogeneous dual wavelet frames in the distribution space.
Appl. Comput. Harmon. Anal. 29, 3 (2010), 330–353.
[21] Kadison, R. V., and Ringrose, J. R. Fundamentals of the theory of operator algebras. Vol. I,
vol. 15 of Graduate Studies in Mathematics. American Mathematical Society, Providence, RI, 1997.
Elementary theory, Reprint of the 1983 original.
[22] Kadison, R. V., and Ringrose, J. R. Fundamentals of the theory of operator algebras. Vol. II,
vol. 16 of Graduate Studies in Mathematics. American Mathematical Society, Providence, RI, 1997.
Advanced theory, Corrected reprint of the 1986 original.
[23] Ron, A., and Shen, Z. Frames and stable bases for shift-invariant subspaces of L2(R
d). Canad.
J. Math. 47, 5 (1995), 1051–1094.
[24] Ron, A., and Shen, Z. Affine systems in L2(R
d). II. Dual systems. J. Fourier Anal. Appl. 3, 5
(1997), 617–637. Dedicated to the memory of Richard J. Duffin.
[25] Ron, A., and Shen, Z. Affine systems in L2(R
d): the analysis of the analysis operator. J. Funct.
Anal. 148, 2 (1997), 408–447.
[26] Ron, A., and Shen, Z. Compactly supported tight affine spline frames in L2(R
d). Math. Comp.
67, 221 (1998), 191–207.
[27] Ron, A., and Shen, Z. Construction of compactly supported affine frames in L2(R
d). In Advances
in wavelets (Hong Kong, 1997). Springer, Singapore, 1999, pp. 27–49.
[28] Ron, A., and Shen, Z. Generalized shift-invariant systems. Constr. Approx. 22, 1 (2005), 1–45.
[29] Rudin, W. Functional analysis. McGraw-Hill Book Co., New York-Du¨sseldorf-Johannesburg, 1973.
McGraw-Hill Series in Higher Mathematics.
